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Abstract 

We study the branch of semi-stable and unstable solutions (i.e., those whose Morse index is at most 
one) of the Dirichlet boundary value problem —An = on a bounded domain Q, C M. N , which 

models -among other things- a simple electrostatic Micro-Electromechanical System (MEMS) device. 
We extend the results of flip relating to the minimal branch, by obtaining compactness along unstable 
branches for 1 < N < 7 on any domain SI and for a large class of "permittivity profiles" / . We also 
show the remarkable fact that power-like profiles f(x) ~ \x\ a can push back the critical dimension N = 7 
of this problem, by establishing compactness for the semi-stable branch on the unit ball, also for TV > 8 
and as long as a > ajv = 3JV ~^^^ • As a byproduct, we are able to follow the second branch of the 
bifurcation diagram and prove the existence of a second solution for A in a natural range. In all these 
results, the conditions on the space-dimension and on the power of the profile are essentially sharp. 
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1 Introduction 

We continue the analysis of for the problem: 

A A /W • o 

' (S) x 
0<u<l inn, 1 lx 

u = on dfl, 

where A > 0, H C 1^ is a bounded smooth domain and / € C(f2) is a nonnegative function. This equation 
models a simple electrostatic Micro-Electromechanical System (MEMS) device consisting of a thin dielectric 
elastic membrane with boundary supported at below a rigid plate located at +1. When a voltage - 
represented here by A- is applied, the membrane deflects towards the ceiling plate and a snap-through may 
occur when it exceeds a certain critical value A* (pull-in voltage). This creates a so-called "pull-in instability" 
which greatly affects the design of many devices (see ^3 EH f° r a detailed discussion on MEMS devices). 
The mathematical model lends to a nonlinear parabolic problem for the dynamic deflection of the elastic 
membrane which has been considered by the second and third- named authors in |12l . Concerning the 
stationary equation, in IT] the challenge was to estimate A* in terms of material properties of the membrane, 
which can be fabricated with a spatially varying dielectric permittivity profile f(x). In particular, lower 
bounds for A* were proved completing in this way the upper bounds of |14l I18j . In all the above-mentioned 
papers, one can recognize a clear distinction -in techniques and in the available results- between the case 
where the permittivity profile / is bounded away from zero, from where it is allowed to vanish somewhere. 
A test case for the latter situation -that has generated much interest among both mathematicians and 
engineers- is when we have a power-law permittivity profile f(x) = \x\ a (a > 0) on a ball. 

There already exist in the litterature many interesting results concerning the properties of the branch of 
semi-stable solutions for Dirichlet boundary value problems of the form —Am = Xh(u) where h is a regular 
nonlinearity (for example of the form e u or (1 + u) p for p > 1). See for example the seminal papers 
OElEj and also |Zj for a survey on the subject and an exhaustive list of related references. The singular 
situation was considered in a very general context in ,21, and this analysis was completed in to allow 
for a general continuous permittivity profile f(x) > 0. Fine properties of steady states -such as regularity, 
stability, uniqueness, multiplicity, energy estimates and comparison results- were shown there to depend on 
the dimension of the ambient space and on the permittivity profile. 

Let us fix some notations and terminology. The minimal solutions of the equation are those classical solutions 
u\ of (S)x that satisfy u\(x) < u(x) in ft for any solution u of (S)\. Throughout and unless otherwise 
specified, solutions for (S)\ are considered to be in the classical sense. Now for any solution u of (S)\, one 
can introduce the linearized operator at u defined by: 



L Uy ) 



2Xf(x) 
(1-u) 



3 ' 



and its corresponding eigenvalues \{u)\ k = 1, 2, ...}. Note that the first eigenvalue is simple and is given 
by: 

m, x (u) = inf j(L u>A <M) ffol(fi) ; e cz°(n),Jj<f>(x)\ 2 dx = 1 
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with the infimum being attained at a first eigenfunction (f>i, while the second eigenvalue is given by the 
formula: 



(u) = inf |(i U) A<^, ^)jji(Q) ; 4> € < ^o°^-''^ 2 \<t>{x)\ 2 dx — 1 and (f){x)4>i(x)dx = 



This construction can then be iterated to obtain the fc-th eigenvalue fj,k,\(u) with the convention that 
eigenvalues are repeated according to their multiplicities. 

The usual analysis of the minimal branch (composed of semi-stable solutions) was extended in by 
Ghoussoub and Guo to cover the singular situation (S)\ above and the subsequent result - best illustrated 
by the following bifurcation diagram- was obtained. 



f(x) - 1 with diflerent ranges ol N 



f(x) - 1 and 2 < N < 7 




Figure 1: Left figure: plots ofu(0) versus X for the case where f(x) = 1 is defined in the unit ball B\(fS) C M. N 
with different ranges of dimension N, where we have A* = (6N — 8)/9 for dimension N > 8. Right figure: 
plots of u(0) versus X for the case where f(x) = 1 is defined in the unit ball -Bi(O) C with dimension 
2 < N < 7, where A* (resp. X^) is the first (resp. second) turning point. 



Theorem A (Theorem 1.1-1.3 in |TJ): Suppose f £ C(f2) is a nonnegative function on ft. Then, there 
exists a finite A* > such that 

1- If < X < X* , there exists a unique minimal solution u\ of (S)\ such that [ii,\(u\) > 0; 

2. If X > X* , there is no solution for (S)\. 

3. Moreover, if 1 < N < 7 then -by means of energy estimates- one has 

" u \ \\oc< 1 



sup 

and consequently, u* — Urn u\ is a solution for (S)\* such that 

/i 1>A .(u*) = 0. 

In particular, u* -often referred to as the extremal solution of problem {S)\- is unique. 



(1.1) 



(1.2) 



4- On the other hand, if fix) — \x\ a and D, is the unit ball, then the extremal solution is necessarily 



u*(x) = 1- |asj- 



A* = (2+°)OAf+a-4) > promded N > g and < a < aN = 3^-14-476 
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We note that in general, the function u* exists in any dimension, does solve {S)\* in an appropriate weak 
sense and is the unique solution in some suitable class (see the Appendix). 

Our first goal is the study of the effect of power- like permittivity profiles f(x) ~ \x\ a for the problem (S)\ 
on the unit ball B = £>i(0). We extend the previous result in higher dimensions: 

Theorem 1.1. Assume N > 8 and a > a N = ML ^^^- Let f G C{B) be such that: 

f(x) = \x\ a g(x) , g(x) > C> m B. (1.3) 

Let {X n ) n be such that X n — ► A € [0, A*] and u n be a solution of (S)\ n so that [i\. n := (J,i,\ n (u n ) > 0. Then, 

Sup || U n ||oo< I- 
n£N 

In particular, the extremal solution u* — lim u\ is a solution of (S)\* such that M.fy) holds. 

As to non-minimal solutions, it is also shown in 11 -following ideas of Crandall-Rabinowitz that, for 
1 < N < 7, and for A close enough to A*, there exists a unique second branch U\ of solutions for (S)\, 
bifurcating from u* , such that 

Mi,a(C/a) < while ^ 2 ,x(Ux) > 0. (1.4) 

For N > 8 and a > ajv, the same remains true for problem (S)\ on the unit ball with f{x) as in l|1.3|) and 
U\ is a radial function. 

In the sequel, we try to provide a rigorous analysis for other features of the bifurcation diagram, in particular 
the second branch of unstable solutions, as well as the second bifurcation point. But first, and for the sake of 
completeness, we shall give a variational characterization for the unstable solution U\ in the following sense: 

Theorem 1.2. Assume f is a non-negative function in C{VL) where fl is a bounded domain in R N . If 
1 < N < 7, then there exists 5 > such that for any A G (A* — 6, A*), the second solution U\ is a mountain 
pass solution for some regularized energy functional J e ^\ on the space Hq(Q). 

Moreover, the same result is still true for N > 8 provided is a ball, and f(x) is as in with a > ajy- 

We are now interested in continuing the second branch till the second bifurcation point, by means of the 
Implicit Function Theorem. For that, we have the following compactness result: 

Theorem 1.3. Assume 2 < N < 7. Let f e C(Ct) be such that: 

/ k \ 



f(x)=[Y[\x- Pt \ a *)g(x), g(x)>O0inn, (1.5) 



for some points P i £ Q and exponents ai > 0. Let (A„)„ be a sequence such that A„ — > A G [0, A*] and let u n 
be an associated solution such that 

M2,n := M2,A„(Wn) > 0. (1.6) 

Then, sup || u n ||oo< 1- Moreover, if in addition ^i.„ :— (J.i.\ n (u n ) < 0, then necessarily A > 0. 

nGN 

Let us mention that Theorem 11.31 yields another proof -based on a blow-up argument- of the compactness 
result for minimal solutions i|l.lfl established in |1 lj by means of some energy estimates, though under the 
more stringent assumption (|1.5|) on f{x). We expect that the same result should be true for radial solutions 
on the unit ball for N > 8, a > aN, and / G C(fi) as in (|1.3fl . 
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As far as we know, there are no compactness results of this type in the case of regular nonlinearities, marking 
a substantial difference with the singular situation. Theorem 11.31 is based on a blow up argument and the 
knowledge of linear instability for solutions of a limit problem on R N , a result which is interesting in itself 
(see for example [S]) and which somehow explains the special role of dimension 7 and a — for this 
problem. 

Theorem 1.4. Assume that either 1 < N < 7 and a > or that N > 8 and a > cin 
of 

AU = i|f in R N , 
U 

U(y) > C > in R N . 
Then, U is linearly unstable in the following sense: 

Lii{U) =inf j / {\V(f>\ 2 - ^-ct) 2 )dx- (f>e C , 5°(M jv )and / 2 = lj<O. (1.8) 
Ui» U Jm N J 

Moreover, if N > 8 and < a < a^, then there exists at least a solution U of jl.ty such that Hi(U) > 0. 

Theorem ll.4l is the main tool to control the blow up behavior of a possible non compact sequence of solutions. 
The usual asymptotic analysis for equations with Sobolev critical nonlinearity, based on some energy bounds 
(usually L N - 2 (Sl)-bounds), does not work in our context. In view of |11|. a possible loss of compactness 
can be related to the L^(f2)-norm along the sequence. Essentially, the blow up associated to a sequence 
u n (in the sense of the blowing up of (1 — w n ) _1 ) corresponds exactly to the blow up of the (r2)-norm. 
We replace these energy bounds by some spectral information and, based on Theorem 11.41 we provide an 
estimate of the number of blow up points (counted with their "multiplicities" ) in terms of the Morse index 
along the sequence. 

We now define the second bifurcation point in the following way for (S)y. 

\* 2 = inf{/3 > : 3 a curve Va G C([/3, X*];C 2 (Q)) of solutions for (S)x s.t. /u 2 ,a(Vx) > 0, Vx = C/aVA G (X*—S, A*)}. 
We then have the following multiplicity result: 

Theorem 1.5. Assume f G C(f2) to be of the form {OJ). Then, for 2 < N < 7 we have that G (0, A*) 
and for any X G (Aj, A*) there exist at least two solutions u\ and V\ for (S)\, so that 

»i,x{Vx) < while ^2,a(V^a) > 0. 
In particular, for X — X%, there exists a second solution, namely V* := lim V\ so that 

AJ.A* 

A*i,a;(O<0 and ^2,a*(^*) = 0. 

One can compare Theorem 11.51 with the multiplicity result of pQ for nonlinearities of the form Xu q + u p 
(0 < q < 1 < p), where the authors show that for p subcritical, there exists a second -mountain pass- 
solution for any A £ [0, A*). On the other hand, when p is critical, the second branch blows up as A — > (see 
also |2] for a related problem) . We note that in our situation, the second branch cannot approach the value 
A = as illustrated by the bifurcation diagram above. 

Let now Vx, X G (J), A*) be one of the curves appearing in the definition of A£. By (|1.4(l . we have that Ly x ,\ is 
invertible for A G (A* — 5, A*) and, as long as it remains invertible, we can use the Implicit Function Theorem 



. Let U be a solution 
(1.7) 
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to find V\ as the unique smooth extension of the curve U x (in principle U x exists only for A close to A*). Let 
now A** be defined in the following way: 

A** = inf{/3 > : VA G (/?, A*) 3 V x solution of {S) x so that fi 2 ,\(V\) >0,V X = U x for A G (A* - 5, A*)}. 

Then, A2 < A** and there exists a smooth curve V x for A G (A**, A*) so that V x is the unique maximal 
extension of the curve U x . This is what the second branch is supposed to be. If now < A**, then for 
A G (A|, A**) there is no longer uniqueness for the extension and the "second branch" is defined only as one 
of potentially many continuous extensions of U x . 

It remains open the problem whether Aj is the second turning point for the solution diagram of (S) x or if 
the "second branch" simply disappears at A = A|. Note that if the "second branch" does not disappear, 
then it can continue for A less than A2 but only along solutions whose first two eigenvalues are negative. 

In dimension 1, we have a stronger but somewhat different compactness result. Recall that Hk,\ n {u n ) is the 
k— th eigenvalue of L Un Xn counted with their multiplicity. 

Theorem 1.6. Let I be a bounded interval in M and f G C l {T) be such that f > C > in I. Let (u n ) n be 
a solution sequence for (S) Xn on I , where X n — ► A G [0, A*]. Assume that for any n G N and k large enough, 
we have: 



Even in dimension 1, we can still define A2 but we don't know when A2 = (this is indeed the case when 
f(x) = 1, see [201 ) or when A2 > 0. In the latter situation, there would exist a solution V* for (S) x * which 
could be -in some cases- the second turning point. Let us remark that the multiplicity result of Theorem 
1 1.51 holds also in dimension 1 for any A G (A2, A*). 

The paper is organized as follows. In Section 2 we provide the mountain pass variational characterization 
of U x for A close to A* as stated in Theorem ll.2l The compactness result of Theorem II. II on the unit ball 
is proved in Section 3. Section 4 is concerned with the compactness of the second branch of (S) x as stated 
in Theorem 1 1.31 Section 5 deals with the dimension 1 of Theorem 1 1.61 In Section 6 we give the proof of the 
multiplicity result in Theorem ll.5l Finally, the linear instability property of Theorem 1 1 . 41 and the details of 
the above mentioned counterexample to the C 2 -regularity of u* in dimension N > 8, < a < ctN, are given 
in the Appendix. 

2 Mountain Pass solutions 

This Section is devoted to the variational characterization of the second solution U x of (S) x for A | A* and 
in dimension 1 < N < 7. Let us stress that the argument works also for problem (S)\ on the unit ball with 
f(x) in the form l|1.3|) provided N > 8, a > a at. 

Since the nonlinearity g(u) — is singular at u — 1, we need to consider a regularized C 1 nonlinearity 

g £ (u), < £ < 1, of the following form: 



If X > 0, then again sup || u. 



'TO 



Mfc.n := Mfc,A„(«n) ^ °- 

||oo< 1 and compactness holds. 



(1.9) 




(2.1) 



where p > 1 if N = 1, 2 and 1 < p < 
elliptic problem: 



if 3 < N < 7. For A G (0, A*), we study the regularized semilinear 




(2.2) 
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From a variational viewpoint, the action functional associated to l|2.2[) is 



where G e (u) — / g E (s)ds 



~ [ \Vu\ 2 dx~\ [ f{x)G e {u)dx, ueH^(Q), (2.3) 



Fix now < e < ^ . For A f A*, the minimal solution u\ of (S)\ is still a solution of l|2.2|) so that 

/ii (—A — Xf(x)g' e (u\)) > 0. In order to motivate the choice of g e (u), we briefly sketch the proof of Theorem 
11.21 First, we prove that u\ is a local minimum for J £ ^ x (u) for A j A*. Then, by the well known Mountain 
Pass Theorem ]2|, we show the existence of a second solution U e> x for l|2.2(l . Since C/ £j a — > u* in C(f2) as 
A j A*, we have that ?7 e ,A < 1 — e and U £ ^ x is then a second solution for (S)\ bifurcating from u* . But since 
U £t \ is a MP solution and (S)\ has exactly two solutions u\, U\ for A j A*, we get that U £ .\ = U\. 
The subcritical growth: 

< 9e(u) < C £ (l + \u\P) (2.4) 

and the inequality: 

9G e (u) < ug £ (u) for u > M e , (2.5) 

for some C e , M e > large and 9 = ^t- > 2, will yield that J £j a satisfies the Palais-Smale condition and, by 
means of a bootstrap argument, we get the uniform convergence of U £ .\. On the other hand, the convexity 
of g £ {u) ensures that problem 12.2f> has the unique solution u* at A = A*, which then allows us to identify 
the limit of U e ,x as A j A*. 

In order to complete the details for the proof of Theorem 1 1.21 we first need to show the following: 
Lemma 2.1. For A f A*, the minimal solution u\ of (S)\ is a local minimum of J 6j a on H^fl). 
Proof: First, we show that u\ is a local minimum of J £ ,a in C l (Q). Indeed, since 

/"i,A := (-A - Xf(x)g' e (u x )) > 0, 

we have the following inequality: 

\V(f>\ 2 dx - 2A / ,J( X \„ <j> 2 dx > m tX f <f (2.6) 
Jn I 1 ~ u x) Jn 

for any 4> S Hq(CI), since u\ < 1 — e. Now, take any <f> G -Hq(^) ^ C 1 (^) such that H^Hc 1 < <^A- Since 
< 1 — if o~x < 1 1 then ua + < 1 — e and we have that: 



J e , X {ux +<t>)~ Je,x(u\) = ~ / \V<f>\ 2 dx + [ Vu A • V0(fe - A / /(x) f 

2 Jo Jo Jn V 1 - u > 



"A - 1 - "A 



where we have applied H2.(jfl . Since now 

1 1 



1 - u A - 4> l-ux (1 - ua) 2 (1 - u\) 3 
for some C > 0, (|2 . T|> gives that 



MA - 1-UA (1-Wa) 2 (l-li A ) 3 



(2.7) 



J £ ,a(ua + 0) - J £ ,a(ma) > - CA || / |U 5 A ) / : 



A 2 > 
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provided 6\ is small enough. This proves that u\ is a local minimum of J £ \ in the C 1 topology. Since 
(12.41) is satisfied, we can then directly apply Theorem 1 in |Sj to get that u\ is a local minimum of J £ \ in 

Since now / ^ 0, fix some small ball B^r C fl of radius 2r, r > 0, so that J" B f(x)dx > 0. Take a cut-off 
function x so that x = 1 on -Br and x = outside £>2r- Let w e = (1 — e)\ € -^o(^)- We have that: 



(l -£) 2 



Je.A^e) < I \V X \ 2 dx - - I f(x) -> -00 



as e — ► 0, and uniformly for A far away from zero. Since 



Je,x(ux) = l f \Vu x \ 2 dx-X f /^Ldx^l I |Wfdx-A* / -r^dx 
2 Jn Jn t — "a 2 Jn Jn t — u 

as A — > X* , we can find that for e > small, the inequality 

J e ,\(w e ) < J E , A (u A ) (2.8) 

holds for any A close to A*. 

Fix now e > small enough in order that i|2.8|) holds for A close to A* , and define 

c £j a = inf max J E ,\(u), 

where T — {7 : [0, 1] — > iJg(f2);7 continuous and 7(0) = ma, 7(1) = We can then apply the Mountain 
Pass Theorem j2J to get a solution t/ e ,A of 112.21) for A close to A* , provided the Palais-Smale condition holds 
at level c. We shall now prove this (PS)-condition in the following form: 

Lemma 2.2. Assume that {w n } C Hq(H) satisfies 

J s ,X n (w n )<C, j; Aj >„)^0 inH- 1 (2.9) 

for \ n — > A > 0. Then the sequence (w n ) n is uniformly bounded in Hq(Q) and therefore admits a convergent 
subsequence in Hq(Q,). 

Proof: By ()2.9|) we have that: 

\\7w n \ 2 dx - A„ / f(x)g e (w n )w n dx = o(|| w n \\ H i) 
Jn Jn 

as n — > +00 and then, 

C > \ [ \Vw n \ 2 dx-X n f f{x)G e {w n )dx 
1 Jn Jn 

/ \^ w n\ 2 dx + X n [ f(x) (\w n g e {w n ) -G E (w n )) dx + o(\\ w n \\ H i) 

1 1 

2~6 
1 1 

2~6 



n Jn 



/ |Vw„| 2 dx + A„ f f(x) ( -rw n g e (w n ) - G e (w n ) ) dx + o(\\ w n \\ H i) - C e 

I Jn J{w n >M e } \v 

( I \Vw n \ 2 dx + o{\\ w n \\m)-C e 
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in view of l|2.5[l . Hence, sup || w n ||#-i< +00. 

neN 

Since p is subcritical, the compactness of the embedding Hq(£1) <^-> L p+1 (il) provides that, up to a subse- 
quence, w n — > u; weakly in i?o(^) and strongly in L p+1 (r2), for some iu € i7g(f2). By (|2.9[1 we get that 
/ n \X7w\ 2 = A Jo f( x )9e{ w ) w : an( l then, by i|2.4[l . we deduce that 

|V( W „- W )| 2 = / |V W „| 2 - / |V W | 2 + o(l) = A„ / f(x)g £ (w n )w n -X [ f(x)g £ (w)w + o(l) -> 
n Jsi Jsi Jo Jn 

as n — > +00. ■ 

To conclude the proof of Theorem 1.2, we consider for any A G (A* — 5, A*) the mountain pass solution U £ .\ 
of l|2.2|) at energy level c Sl \, where 5 > is small enough. Since c £i a < c e ,A*-5 for any A G (A* — (5, A*), and 
applying again Lemma [2.21 we get that || U e .\ ||jji< C, for any A close to A*. Then, by (|2.4() and elliptic 
regularity theory, we get that U £ ,\ is uniformly bounded in C 2,a (f2) for A f A*, for a G (0, 1). Hence, we 
can extract a sequence U St \ n , X n | A*, converging in C 2 (f2) to some function 17*, where J7* is a solution for 
problem (|2.2|l at A = A*. Also u* is a solution for (|2.2() at A = A* so that /ii (—A - X* f(x)g' £ (u*)) = 0. By 
convexity of g e (u), it is classical to show that u* is the unique solution of this equation and therefore U* = u* . 
Since along any convergent sequence of U e _\ as A | A* the limit is always u* , we get that lim^A* U B} \ — u* in 
C 2 (Ci). Therefore, since u* < 1 — 2s, there exists S > so that for any A G (A* — S, A*) U £t \ <u*+e<l-e 
and hence, U £ ,\ is a solution of (S)\. Since the mountain pass energy level c Ej a satisfies c £j a > Je,x(u\), we 
have that U £ _\ ^ ma and then U £: \ = U\ for any A G (A* — 6, A*). Note that by we know that u\, U\ are 
the only solutions of {S)\ as A f A*. 

3 Minimal branch on the ball for power-like permittivity profiles 

Let .B be the unit ball. Let (A„)„ be such that A„ — > A G [0, A*] and w n be a solution of (5)a„ on B so 
that := fJ-i.\ n {u n ) > 0. By Proposition 17.31 u„ coincides with the minimal solution u\ n and, by some 
symmetrization arguments, in jll| it is shown that the minimal solution u n is radial and achieves its absolute 
maximum only at zero. 

Given a permittivity profile fix) as in (|1.3|) . in order to get Theorem ll.il we want to show: 

SUp || U n \\oo < 1, (3.1) 

neN 

provided N > 8 and a > un — ^t^4-t=^- In particular, since u\ is non decreasing in A and 

4+2y6 



SUp || UA ||oo< 1, 
AS[0,A*) 



the extremal solution u* — lim u\ would be a solution of (S)\* so that /j,i t \*(u*) < 0. Property l|1.2ll must 
hold because otherwise, by Implicit Function Theorem, we could find solutions of (S)\ for A > A*. 

In order to prove l|3.1|l . let us argue by contradiction. Up to a subsequence, assume that u n (0) = maxu„ — > 1 

B 

as n — > +00. Since A = implies u n — > in C 2 (B), we can assume that A„ — > A > 0. Let e n := 1 — u n (Q) —> 
asm +00 and introduce the following rcscalcd function: 

1 - U n {s?i + " X n 2+ "U 

U n (y) = ^ '- , V G B n := B s 1 (0). (3.2) 
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The function U n satisfies: 

\y\ a 9 (e^Xn^y 



AC/ ™ = ^-F?2 in£? «> ( 3 - 3 ) 

U n (y) > U n (0) = 1, 

and B n — > R N as n — > +00. We would get a contradiction to /ii >n > by proving: 

Proposition 3.1. There exists a subsequence {U n } n such that U n — > U in Cj (M. N ), where U is a solution 
of the equation: 

f Af/ = p(0)igf mR N , (3 4) 

I U(y) > U(0) = 1 mR N . 
Moreover, there exists <ft n € C^°(B) such that: 

M |VW " (i - u n y J < °- 

Proof: Let R > 0. For n large, decompose U n — 17* + U%, where £/ 2 satisfies: 

AU* = AU n mB R (0), 
U%=0 on dB R (0) . 

By (E2J) we get that on B R (0): 

< AU n < R a || g ||oo, 

and then, standard elliptic regularity theory gives that Ul is uniformly bounded in C l 'P(B R ($)), (3 e (0, 1). 
Up to a subsequence, we get that U% — > [/ 2 in C 1 (i? j R,(0)). Since f7* = U n > 1 on dB R (0), by harmonicity 
t^n — 1 m Br(0) an( ij by Harnack inequality: 

sup < inf [/i < CW7*(0) = C fl (1 - t£(0)) < C R ( 1 + sup ^(O)^ < 00 . 

B R/2 (0) B R/2 (0) V neN / 

Hence, is uniformly bounded in C 1,/3 (_Br/4(0)), /3 € (0,1). Up to a further subsequence, we get that 
Ul -> C/ 1 in C^B^O)) and then, [/„ -> J7 1 + C/ 2 in C 1 (B fl/4 (0)), for any ft > 0. By a diagonal process 
and up to a subsequence, we find that U n — > J7 in C^ oc (lR ), where [/ is a solution of the equation (|3.4I) . 

If 1 < iV < 7 or TV > 8, a > a N , since g(0) > by Theorem IT/fl we get that jtii(LT) < and then, we find 
(f> S Cg°(R w ) so that: 

J (W - 2.9(0)^ 2 ) <0. 

3 1 JV-2 / 3 1 \ 

Define now <j) n {x) = (e^ + ° A„ 2+Q ) 2 4>[ e n 2+ ° \n +a x I . We have that: 

2X n \x\ a g(x) a2 \ _ /7 lv7 ,, 2 2|y|«^a * 2 



|V0| 2 -2 5 (O)|J/) <0 

as n — > +00, since <p has compact support and U n — > f7 in (7^ oc (M). The proof of Proposition 13.11 is now 
complete. ■ 
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4 Compactness along the second branch of solutions 



In this Section we turn to the compactness result stated in Theorem II .31 Assume that / G C(f2) is in the 
form Q1.5[l . and let (u n ) n be a solution sequence for (S)\ n where A„ — > A G [0, A*]. 

4.1 Blow-up analysis 



Assume that the sequence («„)„ is not compact, which means that up to passing to a subsequence, we may 

assume that max u r 
n 

E n = 1 — u n (x n ). Let us assume that x n — > p as n — > +oo. We have three different situations depending on 
the location of p and the rate of \x n — p\: 



1 as n — > oo. Let z n be a maximum point of u n in Q (i.e., u„(x„) = maxu„) and set 



1) blow up outside the zero set of f(x) {pi, . . . ,Pk}, i-e. p G" {pi, ■ ■ ■ ,Pk}l 

2) "slow" blow up at some pi in the zero set of f(x), i.e. x n — + pi and e^ 3 X n \x n — Pi\ a+2 — ► +oo as n 

3) "fast" blow at some pi in the zero set of f(x), i.e. x„ — > ^ and limsup (e^ 3 A n |a; r j — Pi| a+2 



< +oo. 



?i — >+oo 



Accordingly, we discuss now each one of these situations. 



1 st Case Assume that p ^ {pi, . . . , Pk\- In general, we are not able to prove that a blow up point p is always 
far away from dfl, even though we suspect it to be true. However, some weaker estimate is available and 
-as explained later- will be sufficient for our purposes. We have that: 



Lemma 4.1. Let h n be a function on a smooth bounded domain A n in 

h„(x) 



Let W n be a solution of: 



AW n 



in A n , 



W 2 

W n {y)>C>0 in An, 
W n {0) - 1, 



for some C > 0. Assume that sup |j h n ||oo< +°° & n d A n 



net 



Tjj as n 



is an hyperspace so that € T M and dist (0, dT^) — fi. Then, either 

inf W n < C 

dA n nB 2 „(0) 



inf d v W n < 0, 

9A„nB 2M (0) 

where v is the unit outward normal of A n . 

Proof: Assume that d u W n > on dA„ n B 2fJ ,(0). Let 



(4.1) 

+oo for some fx G (0, +oo), where 

(4.2) 
(4.3) 



G(x) = 



i i 1*1 



Cjv 



2/' 



UN = 2 
if N > 3 



be the Green function at of the operator — A in i?2/i (0) with homogeneous Dirichlct boundary condition, 



where cn — 



and | • | stands for the Lebesgue measure. 



(w-2)|as 1 (o)| 

Here and in the sequel, when there is no ambiguity on the domain we are considering, v and da will 
denote the unit outward normal and the boundary integration element of the corresponding domain. By the 
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representation formula we have that: 



W n (0) = AW n (x)G(x)dx - / W n (x)d v G(x)da(x) (4.4) 

J ^nB 2 ,(0) JdA n C\B 2 ^(0) 



d v W n (x)G{x)da(x) - / W n (x)d v G(x)da(x). 

9A n nB 2 „(0) JdB 2ll (0)nA n 

Since on dT^: 

{ t - ttj -i/ if AT = 2 

"^) = { (^-2)0^., if AT > 3 >° ^ 

and <9/l„ — > <9T M , we get that 

d v G(x)<0 ondA n nB 2fl (0). (4.6) 
Hence, by l]4.4[l . 14.6|l and the assumptions on W n , we then get: 

A,nB 2(t (o) W^O)"^" - " V aA -ns 2M (0) " '7 JdA n nB 2ll (0) 



since G(x) > in i?2^(0) and d v G(x) < on <9£?2 M (0). Now, we have that 



A„ns 2M (o) 



and by 14.5|l 



d v G{x)da(x) -> - / d„G(x)da(x) > 0. 



Then, 1 > — C + C 1 inf W n I for some C > large enough. Hence, inf W n is uniformly 

\dA„nB 2 ^o) n ) 5 6, 9A„ns 2M (0) ™ y 

bounded and the proof is complete. ■ 
We are now ready to completely discuss this first case. Introduce the following rescaled function: 

3 _ 1 

U n [y) = , 2/ € 0„ = — . (4.7) 

e n P 2 \ 2 



Then, U n satisfies 



3 1 



At/ ™ = 111 n »> (4.8) 

U n (0) = 1 in fi„. 

In addition, we have that U n > t/„(0) = 1 as long as x ra is the maximum point of u n in f2. 

We would like to prove the following: 

Proposition 4.2. Let x n S f2 and se£ e„ := 1 — u n {x n ). Assume that 

x n ~^P {pi,- --,Pk} , ef^^ 1 -> as n -> +oo. (4.9) 
Let U n , Q, n be defined as in J^.7| ). Assume that 

U n > C > in f2 n n B Rn (0) (4.10) 
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for some R n — ► +00 as n — ► +00. Then, there exists a subsequence of (U n ) n such that U n — > U in Cj oc (M. N ), 
where U is a solution of the equation: 

[ AU =^ (4.11) 

I c/(y) > C > ffli^. 

Moreover, there exists a function <p n £ C^°(Q) such that: 

and Swpp (j) n <Z B 3 _i (ir n ) /or some M > 0. 

Proof: By <|4.9[1 Lemma T4 . 1 1 provides us with a stronger estimate: 

s^A-^dist (x n , dQ.)y 2 -> as n -> +00. (4.13) 

Indeed, by contradiction and up to a subsequence, assume that e^A" 1 ^" 2 — ► <5 > as n — > +00, where 
d n := dist (x n , d£l). In view of (|4.9() we get that d n — > as n — > +00. We introduce the following rescaling 

Wb(s)= 1zM**±£ 2 ) j ^^^n 

Since d„ — > 0, we get that A n — > T± as n — ► +00, where is an hyperspace containing so that 

A d 2 

dist (0, 9T M ) = \i. The function W„ solves problem (I4.1|l with = jjg " f(d n y + x n ) and C = W„(0) = 1. 

We have that: 

II h„ ||oo< ^ II / l|oo< I II / Hoo 

and W n = j ► +00 on dA n . By Lemma f4.1l we get that l|4.3|l must hold. A contradiction to Hopf Lemma 

applied to u n . Hence, the validity of (|4.13|l . 

We have proved that the blow up is "essentially" in the interior of f2: 14.13fl implies that £1„ — >■ M. N as 
n — > +00. Arguing as in the proof of Proposition 13.11 we get that [/„ — ► U in Cj 1 (K^), where U is a 
solution of (|4.11[) by means of (|4.8|I - H4.10|I . 

If 1 < N < 7, since /(p) > by Theorem [Owe get that ^(C/) < and then, we find 4> £ Cq°(R n ) so that: 

\v^- 2 -M<tAj <0. 

- 1 ■ N ~ 2 / _2 1 \ 

Define now 4> n (x) = (e^ A n 2 ) 2 I e„ 2 A, 2 (x — a;„) J . We have that: 

2A„/(x) a2 \ f (\<nj.\2 2f(. e nK 2 y + X n ) 2 \ 



< 



!V.-,.r- ^—-7,) = J \ \Vct>\ 

/H 2 - 



2/(p) 

f/ 3 



as rn +00, since has compact support and f7 n —> {/ in Cj^^K). The proof of Proposition 14.21 is now 
complete. ■ 
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2 nd Case Assume that x n — > p^ and £ n 3 A n |x„ — Pi\ a+2 — ► +00 as ri — > +00. Define 



/*(») = f II •'• I'. " ] (4-14) 

We rescale the function u n in a different way: 

3 _ \ 

t j / \ 1 -u n (eZ\ n 2 \x n -Pi\~^y + x n ) (l-x n 

Un{y) = , y £il n = 3 _i -■ (4-15) 

e " e%K 2 \xn-Pi\~* 

In this situation, [/ n satisfies: 

AC/„ = |e£A„ 2 |x„ -jj, I 2 2/+ fp mf7 "' (4.16) 

U n (Q) = 1 " " in Q„. 

The following result holds: 

Proposition 4.3. Let x n S f2 and se£ e„ := 1 — u n {x n ). Assume that 

x n — ► Pi , E^ 3 A n |x„ -Pi| a+2 — * +00 as n ^ +00. (4-17) 

Let f/ n , f2 n 6e defined as in Assume that \4.1b\j holds. Then, up to a subsequence, U n — > U in 

Cj gc (R N ), where U is a solution of the equation: 

(Af = 4^ inR\ (4 . 18) 
I U(y) > C* > ffll^. 

Moreover, there holds 14-12$ ) for some 4> n G C^°(f2) suc/i that Supp (f) n C B 3 1 _„ (:c n ), M > 0. 

MeJ A„ 5 |x ra — Pi I 2 

Proof: By (|4~T7jl we get that Q„ ->■ l ff as n — > +00. As before, U n — > {/ in Cj 1 (R^) and {/ is a solution 
of (|4"T%|) in view of ij4~TU|> and (j4T^|) - (j¥T7|) . Since 1 < TV < 7 and /;(pi) > 0, Theorem O implies pi(J7) < 
and the existence of some <j> S C^°(R Ar ) so that: 

m * _ 2 J01^ < o. 

3 _1 a N-2 / _3 1 a \ 

Define now 4> n (x) = (e^A„ 2 \x n - p^ - ") 2 ( e n 2 A,! \x n - pi\~(x - x n )j. We have that: 
' m "-\elK h \x n - Pi \-^y+ Xn - pi ^ 2 Mehn h \x n - Pi \^y + x n ) 



\Xn-PiV VI 



|w|2 _2^ Z02j (( 



asjn +00. Proposition 14 . 31 is now completely proved. 
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3 rd Case Assume that x n — > pi as n — > +00 and £ n 3 A„|x„ — k| q+2 < C. We rescale the function u„ in a 
still different way: 



3 

u n {y) = , yen n = — 5 — —5-. (4.19) 



t„ 2 + Q \ 2 + o 

The equation satisfied by U n is: 



2 + a \ 2 + a 



A(7 n = |y + £„ + A„ + (x„-pi)| — m fi n , (4.20) 

^ n 

_ f/„(0)-l in fi„, 

where /, is defined in (|4.14|) . 

In this situation, the result we have is the following: 

Proposition 4.4. Let x n G fi and set e„ := 1 — u n (x n ). Assume that 

— 3 1 

^ . x n — > Pi , £n a+2 K +2 (Xn - Pi) —> HQ OS U — > +0O. (4-21) 

Lei {/„, ri n &e defined as in \4-. ltJty . Assume that either \4-. ltJjj holds or 



U n >C\e n a+2 \% +2 \x n - Pi \) \y + £n a+2 \n +2 {x n -p l )\ 3 mfl„nB R „(0) (4.22) 

for some R n — > +00 as n — > +00 and C > 0. Then, up to a subsequence, U n — > [7 m C- oc (R ) and [7 
satisfies: 

f AC/^ly + yol"^ »t*, (4 23) 

I E%) > C > m . 
Moreover, we have that holds for some function <p n € C^°(fi) swc/i £/ia£ Supp <f> n C B 3 1 (x n ), 

' Me„ 2+ ° A„ 2+a 

M > 0. 

Proof: By (|4~2T|) we get that fi„ -> l w as ri -> +00. If (|4~TU|) holds, as before [/„ -> [/ in C, 1 (R^) and, 
bv BISll and jO| - (|PD , U solves gS^. 

We need to discuss the non trivial situation when we have the validity of Q4.22p . Arguing as in the proof of 
Proposition fix i? > 2|y | and decompose U n = + U%, where U% satisfies: 

MJl=MJ n in Br(0) , 
Ul = on dB R (0) . 

By (|4"2U|) and (|4"22jl we get that on B R (0): 

\a fi{£n + An + y + ^n) 



3 

2+a X 2+a 



0<AU„ = \y + e n 2+a \^ +a {x n ~p l ) ] , 

^ n 

/ 3 1 \ "3" 3 1 a_ 

< C e„ a+2 A^ +2 |a;„ \y + e n 2+a {x n - p l )\ 3 



3 1 

Since e„ Q+2 An +2 (x n — pi) is bounded, we get that < AU n < C*r on Br(0) for n large, and then, standard 
elliptic regularity theory gives that U% is uniformly bounded in C 1 ' 13 (-Br(O)), [3 € (0, 1). Up to a subsequence, 
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we get that U% -> U 2 in C X (B R {Q)). Since by = C7„ > C(R-2\y \)% > on &B fl (0), by harmonicity 

Un > Cfl in -Br(O) and, by Harnack inequality: 



sup Ul < C R inf [/i < C R U x (0) = C R (1 - t£(0)) < f 1 + sup |t£( 

B H/2 (0) Bji /2 (0) \ „gN 



< oo . 



Hence, U x is uniformly bounded in C x 'P{B R u(fS)), (3 G (0,1). Up to a further subsequence, we get that 
U x -> U 1 in C 1 ( J B fl/4 (0)) and then, U n ^ U 1 + U 2 in C x (B R/4 (0)), for any i? > 0. By a diagonal process 
and up to a subsequence, by we find that U n U in Cj 1 (R^), where f7 G C 1 (R Ar )nC 2 (R JV \{-y }) 

is a solution of the equation 

f AU=\y + y r^ mR N \{-y }, 

I ^(y)>^|y + yo|- inR N , 

for some C > 0. In order to prove that U is a solution of (j4.23(l . we need to prove that U(—yo) > 0. Let B 
some ball so that — yo G dB and assume by contradiction that U(—yo) = 0. Since 

-AC/ + c(y)U = in B , [7 G C 2 {B) n C(B) , t/(y) > C/(-y ) in B, 

and c(y) = (T^ - > is a bounded function, by Hopf Lemma we get that d u lI(—yo) < 0, where v is 

the unit outward normal of B at —yo- Hence, U becomes negative in a neighborhood of — yo in contradiction 
with the positivity of U. Hence, U(—yo) > and U satisfies <|4.23[1 . 

Since 1 < N < 7 and fi(pi) > 0, Theorem II .41 implies Hi(U) < and the existence of some cf> G C§°(M. N ) so 
that: 

V0| 2 -|y + yo r^V) <0. 

3 1 JV-2 / 3 1 \ 

Let <p n (x) = (e 2+Q A„ 2+a ) 2 f e n 2+a A 2+ " (a - x n )\. There holds: 



|V "" 1 (1-^)3 ^ J = J [IVC-b + en^A^^n-ft), 
as n — ► +oo. Also Proposition 14 . 41 is established. 



4.2 Spectral confinement 

Let us assume now the validity of 1)1. 6f) . namely /i2, n := fJ-2,x n {u n ) > for any n G N. This information will 
play a crucial role in controlling the number fc of "blow up points" (for (1 -m„) _1 ) in terms of the spectral 
information on u n . Indeed, roughly speaking, we can estimate k with the number of negative eigenvalues 
of L Unt \ n (with multiplicities). In particular, assumption (|1.6(l implies that "blow up" can occur only along 
the sequence x n of maximum points of u n in Q. The following pointwise estimate on u n is available: 

Proposition 4.5. Assume 2 < N < 7. Let f G C(f2) &e as in 11.5)) . Let X n — > A G [0, A*] and it n oe an 
associated solution. Assume that u n (x n ) — maxu„ — ► 1 asn-> +oo. Then, there exist constants C > and 

(1 > C*A r Id(a;)%-:E„|3 , VieO, n>JV , (4.24) 

where d(x) — min{|a; — pi\ : i = 1, . . . , fe} is the distance function from the zero set of f{x) {pi, . . . ,pt} ■ 
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Proof: Let e n = 1 — u n {x n ). Then, e n — * as n — > +00 and, even more precisely: 

e n^« 1 ~> as n ^ +00. (4.25) 
Indeed otherwise, we would have along some subsequence: 

< ^ J{X \ 2 < % II / ||oo< C , Xn - as n -> +00. 

(1 - U„) 2 £2 

But if the right hand side of (S)\ n is uniformly bounded, from elliptic regularity theory we get that u n is 
uniformly bounded in C 1 '' 3 (j7), (3 e (0, 1). Hence, up to a furhter subsequence, u n — > u in C 1 (f2), where u is 
an harmonic function such that u = on dfl, maxw = 1. A contradiction. 

Q 

By 1)4.25)1 we get that e^A" 1 — > as n — > +00, as needed in 1)4. I|4.21(l respectively in Proposition ^. 21 l4~4l 
Now, depending on the case corresponding to the blow up sequence x n , we can apply one among Propositions 
14.214.41 to get the existence of a function <j> n £ Cg°(f2) such that (|4.12() holds and with a specific control on 
Supp <j> n . 

By contradiction, assume now that 1)4.24)1 is false: up to a subsequence, there exist a sequence y n € f2 such 
that 

A„ 3 d(y n )~%\y n —x n \~*(l—u n (y n j) = X„ 3 min (d{x)~^\x-x n \~i (1 - u n (x)) \ — > as n — > 00 . (4.26) 

Then, /i n := 1 — u n (y n ) — » as n — » 00 and (|4.26|) rewrites as: 

3 _ 1 

/^n An „ / a r,r*\ 

— — — -3- -> as n -> +00. (4.27) 

Fn - y„| a(y„) 2 

We want now to explain the meaning of the crucial choice 1)4.26)1 . Let (3 n be a sequence of positive numbers 
so that 

— X 1 1 

R n ■= (3 n 2 min{d(y„)2 , \ Xn - y n \*} — > +00 as n -> +00. (4.28) 
Let us introduce the following rescaled function: 

u n {y) = , v e s2„ - 



/3n 

Formula 1)4.2611 implies: 

/i„ = d(y n )%\y n - x n \i min (d(x)~%\x - x n \~i (1 - u n (x)) J 

< fj. n d(y n )^\y n - x n \%d(/3 n y + yn)~^\Pny + y n - %n\~%U n (y). 

Since 

d(P„y + y n ) . (\Vn-Pi , Pn I . 1 7 t \ 1 Z 3 ™ i i 
d(y n ) d(y n ) d{y n ) d[y n ) 

in view of \y n — Pi\ > d(y n ), by (|4.28|) we get that: 



3 

d{y n ) ) K \%n-y n \) ~ y 2 ! 

for any y £ f2„ n Bn n (0) . Hence, whenever 1)4.28)1 holds, we get the validity of ()4.10)l for the rescaled function 
U n at y n with respect to (3 n . 
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We need to discuss all the possible types of blow up at y n . 

I s * Case Assume that y n — > q ^ {pi, . . . ,pk}- By (|4.27|) we get that /^A" 1 — > as n — > +00. Since 

- — i _____ * 

<^(j/n) > C > 0, let /3 n = /in A n 2 and, by (|4.27|1 we get that 14.28( 1 holds. Associated to y n , /j, n , define U n , Q, n 
as in (|4.7|l . We have that (|4.1U|I holds by the validity of 14.280 for our choice of f3 n . Hence, Proposition ^. 21 
applies to U n and give the existence of ip n e Co°(f2) such that (|4.12|) holds and Supp ip n C B 3 _i(t/ n ), 

M > 0. In the worst case x n — > q, given U n be as in ((4.7(1 associated to x n , £„, we get by scaling that for 

3 _i 

X — En An y ~\~ X n . 

\-*(d(x)-%\x ~ x„|"i (1 - u»(a:)) ) > CX^ (\x - x n \~% (1 - u n {x)) ) = C\y\-iu n {y) > C R > 

uniformly in n and y G B R (0), for any R > 0. Then, 

3 _ i_ 

1 r — ► U asn-> +00. 



I -^n |/n I 

Hence, in this situation and ^ n have disjoint compact supports and obviously, it remains true when 
i„^p/ q. Hence, fi2,n < in contradiction with 11.61) . 

2 n< ^ Case Assume that y n — > in a "slow" way: 

Mn 3 An|y n - Pi\ a+2 — » +00 as n ^ +00. 

3 _ 1 Q 

Let now /3 n = /z„ A n 2 |j/n — • Since d(y n ) = \y n — Pi\ in this situation, we get that: 

d(y n ) 



2 A^|y„ -pi\ 2 -> +00, 



and I4.27f) gives exactly: 



|aJ " = 3 jfe yn| ► +00 (4.29) 

" n fJ-nXn 2 \y n -p i \^^ 

asm +00. Hence, (|4.28ll holds. Associated to fi n , y n , define now U n , Ct n according to H4.15fl . Since (|4.1U|) 
follows by (|4.28|) . Proposition 14.31 for U n gives some ip n & Co°(^) such that H4.12|l holds and Supp ip n C 
B 3 _ 1 _ Q (j/n), M > 0. If x n — > p 7^ Pi, then clearly </> n , have disjoint compact supports leading 

M/i,?A„ 2 |j/„- Pi | 2 

to /i2, n < in contradiction with 1(1.6(1 . If also x„ — > pj, we can easily show by scaling that: 

1) if e~ 3 A n |a: n — Pi\ a+2 — > +00 as n — > +00, given [/„ be as in 14.15|l associated to x n , e n , we get that for 

£ = £n A„ 2 |_ n - .Pi|~~y + a;„ 
X n 3 (d(x)~ 3 \ x - x n \~3 (1 - u„(x))) = \y\—s U n (y) |e«A„ 2 \x n - p t \ ^~y+ r-^ % -r\ 3 > C R > 



uniformly in n and y S B R (0), for any i? > 0. Then, 

3 _ 1 a 

£?i X n 2 \x n — Pi\ 2 



-> asn^ +00, 

I Xn yn I 

and hence, by (|4.29(l <j> n , ip n have disjoint compact supports leading to [i^.n < in contradiction with (|1.6|l . 

2) if s~ 3 Xn\x n — Pi\ a+2 < C as n — > +00, given U n be as in 1(4.19(1 associated to x n , e n , we get that for 

3 1 

X — Sn Xn y ~\~ X n 

_l c 2 2 3 1 

A„ 3 (d(x)"3 I „ - x„| _ 3 (1 _ u „(x))) = |y| _ 3t/„(?/)|y + e„ 2+a A^ +Q (a;„ 

> D R \y\-iU n {y)>C R >Q 



3 
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uniformly in n and y G Br(0), for any R > 0. Then, 

» as n — > +00 



3 



and hence, by (|4.29() <f> n , ip n have disjoint compact supports leading to a contradiction. 
3 rc * Case Assume that y n — > in a "fast" way: 

/^ 3 An|»n-Pi| a+2 <C. 

Since rf(y n ) = |y» — Pi|> by (|4.27|1 we get that 

= I, 4lf^Ht (M " 3An|y " - pir+2)l ^ ° as ^ (4 ' 30) 

| A n yn| l^n <M| |<M Pi| ^ 

and then, for n large: 

\ x n ~Pi\ > \Xn-Vn\ 1 > - [ Nn ~ Pi I > ][ \Vn ~ Pi\ > 1 ^ 

\Vn-Pi\~ \Vn-Pi\ ~ ' kn-ynl" \x n - y n \ ~ 2' 

Since e„ < by l|4.27J) and (|4.31|1 we get that 



iq+2 ( Priori 2 \ ( \x n Pi\ 



a+2 



e-<K\*n-Pi\ a+J > i ^ F (4-32) 

\K -lfe||y n -Pih / \\x n -y n \— \y„- Pt \— J 

(3 1 \ -2 

i — — r«- — > +oo as n — > +oo. 
F« - Vn\ d{y n ) 2 J 

The meaning of l|4.32|l is the following: once y n provides a fast blowing up sequence at pi, then no other fast 
blow up at pi can occurr as <|4.32[1 states for x n . 

Let /?„ = fx^Xn 2 ^ ■ By (|4~27l) and [ET3Uj) we get that 



Pn 2T0 \ ~ 5T^ i i—l / M« \ ( \\)n Pi I \ 2+ 



A n 2+ " |x„ - y n Y x = P " ," ^ y " " - as n -> +00. (4.33) 



However, since u„ blows up fast at pi along y n , we have that j3~ l d(y n ) < C and then, (|4.28(l does not hold. 
Letting as before 

jj ( \ 1 - u n (l3 n y + y n ) * n-j/„ 

Pn 

we need to refine the analysis before in order to get some estimate for U n even when only (|4.33|l does hold. 
Formula l|4.26|) gives that: 

U n (y) > \y n -p l \^^\y n -x n \~i\(3 n y + y n -p i \ ! i\(3 n y + y n -x n \i (4.34) 
= (^X^\y n - Pl \) 3 \y + ^X^(y n - Pi )\f\ -. Pn y+ y "-- r "^ 



\%n Vn I \%n Dn I 

> C ( (j, n 2+a Xn +a \y n -Pi\) \y + ^n 2+a X^ +a {y n - Pi )\^ 
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for \y\ < R n = an d R n -> +00 asn-> +00 by (|4.33[1 . Since Q4.34J1 implies that 1|4.22(1 holds for /i n , 

y n , U n , Proposition ^. 4l provides some ip n £ C^°(S1) such that l|4.12[) holds and Supp ip n C B (y n )i 
M > 0. 



Since y n cannot lie in any ball centered at x n and radius of order of the scale parameter (e« \„ 2 or eil X n 2 \ x n — 
Pi\~^), by (|4. 33|> we get that <p n and ip n have disjoint compact supports leading to /i 2 .n < 0. A contradiction 
to i|1.6|) . The proof of the Proposition is now complete. ■ 

4.3 Compactness issues 

We are now in position to give the proof of Theorem 1 1.31 Assume 2 < N < 7. Let / G C(S1) be as in (|1.5J) . 
Let (A„)„ be a sequence such that A„ — > A e [0, A*] and let u n be an associated solution such that Hl.fijl 
holds, namely 

A*2,n := H2,\ n { u n) > 0. 

The essential ingredient will be the estimate of Proposition 14.51 combined with the uniqueness result of 
Proposition EH 

Proof (of Theorem 11.30 : Let x n be the maximum point of u n in SI and, up to a subsequence, assume by 
contradiction that u n (x n ) = max«„(i) — > 1 as n — > oo. Proposition 14.51 gives that: 

-a 2 

u n (x) < 1 - C\ n d(x) 3 \x - x„|3 

for any x S J! and n > iVo, for some C > and ATq € N large. Here, d(ir) = min{|a; — pi\ : i = 1, . . . , k} 
stands for the distance function from the zero set of f(x). Thus, we have that: 

0<-M^<C /( 1 Al 4 (4.35) 
" {l-u n f ~ d{x)^ \x-x n \i 

for any x S SI and n > -/V . Since by (|1.5|l 

, m 



d(x)' 



< |ar-p*|*||/i||oo<C 



for x close to Pi, fi as in 14.14|l . we get that ^ x } a is a bounded function on SI and then, by 

X n f(x)/(1 — u n ) 2 is uniformly bounded in L S (S1), for any 1 < s < ^j-. Standard elliptic regularity theory 
now implies that u n is uniformly bounded in W 2,s (fl). By Sobolev's imbedding theorem, u n is uniformly 
bounded in C 0,/3 (S1) for any < (3 < 2/3. Up to a subsequence, we get that u n — > uq weakly in Hq(Q) and 
strongly in C°' (to), < [3 < 2/3, where uq is an Holderian function solving weakly in Hq (SI) the equation: 



(4.36) 



(1 - «or 



Moreover, by uniform convergence 



< it < 1 in SI , 

uq = on <9S! 



maxuo = lim maxu„ 
n n — >+oo o 



and, in particular uo > in SI. Clearly, A > since any weak harmonic function in H^fl) is identically 
zero. To reach a contradiction, we shall first show that /ii,A(wo) > and then deduce from the uniqueness, 
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stated in Proposition 17. 31 of the semi-stable solution u\ that uq = u\. But maxit^ < 1 for any A £ [0, A*], 
contradicting rnaxuo = 1. Hence, the claimed compactness must hold. 

In addition to l|1.6|l . assume now that \x\, n < 0, then A > 0. Indeed, if A„ — > 0, then by compactness and 
standard regularity theory, we get that u n — > uq in C 2 (£l), where uo is an harmonic function so that uq = 
on <9f2. Then, uq = and u n — > in C 2 (f2). But the only branch of solutions for (S)\ bifurcating from for 
A small is the branch of minimal solutions u\ and then, u n = u\ n for n large contradicting fii_ n < 0. 

In order to complete the proof, we need only to show that 

Mi.aM = inf (W| 2 - ^j^j ; <j> £ C™(n) and j <f = 1 j > 0. (4.37) 



Indeed, first by Propositions 14 . 214 . 41 we get the existence of a function <fi n £ Cfi°(£l) so that 

l v *»' 2 -TT^) <a ( " 8) 

Moreover, Supp <p n C B rn (x n ) and r„ — > as n — > +oo. Up to a subsequence, assume that x n — > p € as 
n — > +oo. 

By contradiction, if l|4.37|l were false, then there exists cf>o £ Cq°(Q) such that 

|V0o| 2 -^^) <0. (4.39) 

We will replace </>q with a truncated function <f>g with <5 > small enough, and so that l|4.39|l is still true 
while <f)$ — in Bg2(p) n 0. In this way, <p n and ^5 would have disjoint compact supports in contradiction 
to n 2 ,n > 0. 

Let S > and set <j>g = xs<Po, where xs is a cut-off function defined as: 



\x-p\<5 2 . 

\2 6*<\ X -p\<6, 

1 log 

1 \x-p\>6. 



By Lebesgue's theorem, we have: 

2A/(x) . y 2A/(z) 



For the gradient term, we have the expansion: 

/ |V^| 2 = f $\V X s\ 2 + [ XsN4> \ 2 + 2 f x^oV X5 V0 o 
Jn Jn Jn Jn 

The following estimates hold: 

o< f 4\vxs\ 2 <\\Ml [ 1 w-^-<t^t 

Jn Js2<\x- P \<6 \x-p\ z log iog 7 



I, as 5 -> . (4.40) 
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and 

, f , 211^011^11 V^olloo f 1 



n 



log \ J BriO) N 



and provide: 



|V0 5 | 2 -> / |V0 o r as 5^0. (4.41) 



Combining l|Q5)l - l|CT)l . we get that: 

for (5 > sufficiently small. This completes the proof of l|4.37|l and Theorem II .31 is completely established. 



5 The one dimensional problem 

Let / = (a, b) be a bounded interval in R. Assume / € C l (I) so that / > C > in /. In Theorem 11.61 we 
study solutions u n of the following problem: 

Kf{x) . 
~ Un= (1-uY m ' 

0<u„<l in/, l ° j 

u„(a) = u n (b) = 0. 

Proof (of Theorem 11.60 : Assume that u n satisfy (|1.9|) and A„ — > A € (0, A*]. Let x„ <E / be a maximum 
point: u n (x n ) = maxu„. If (u n ) n is not compact, then up to a subsequence, we may assume that u n (x n ) — > 1 

with x n — > xo 6 / as n — > +oo. Away from xo, u n is uniformly far away from 1. Otherwise, by the maximum 
principle we would have u n — > 1 on an interval of positive measure, and then ^k,x„(u n ) < 0, for any fc and 
n large. A contradiction. 

Assume, for example, that a < xq < b. By elliptic regularity theory, u n is uniformly bounded far away from 
xq. Let e > 0. We multiply l|5.1|l by u n and integrate on {x n , xq + e): 

.2, v • 2 / i \ p +£ 2An/(gK(g) 2A»/(xq + £ ) 2A n /(a; n ) p +£ 2A n /(s) 
u„(x„) - u n (a; + e) = J — as = - , ^ - ^ ^ - / q — 73" s - 

Then, for n large: 



(l-?!„(s)) 2 l-u„(x +e) l-u„(x„) .L l-tt n (s) 



2 / \ C*A . f(x + s) „, /' !eo+6 /(s) , 

^ ^(x 0+£ ) + 2A M |_ \ 2A K / j ris 

l-u„(x„) l-u„(a;o+e) J Xn 1 - u n (s) 

< C e +AX H/IU *°_ +£ -*" 

since u n (x n ) is the maximum value of u n in 7. Choosing e > sufficiently small, we get that for any n large: 
1 _ u 1 ( x j < C £ , contradicting u„(a; n ) — > 1 as n — > +oo. ■ 
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6 The second bifurcation point and the branch of unstable solu- 
tions 



We now establish Theorem ll.5l First, let us recall the definition of A^: 

= w£{{3 > : 3 a curved G C([/3, A*]; C 2 (£l)) of solutions to (5) A s.t. a^aOa) > 0,V X = E/aVA g [X*—S, A*)}. 

As for as Theorem 11.51 is concerned, for any A G (Ajj,A*) by definition there exists a solution V\ and it is 
such that: 

Mi,A := Mi,a(Vx) < VAe(A*,A*). (6.1) 
In particular, V\ ^ ua provides a second solution different from the minimal one. 

Clearly Qfi.ljl is true because first (j,i t \ < for A close to A*. Moreover, if /x^a = for some A G (A^A*), 
then by Proposition ^. 31 V\ — u\ contradicting the fact that (ii t \(u\) > for any < A < A*. 

Since by definition [i2,\(V\) > for any A G (A£, A*), we can take a sequence A„ J, A2 and apply Theorem ll.3l 
to get that Aj = lim A„ > 0, sup || V\ n \\oo< 1- By elliptic regularity theory, up to a subsequence V\ n — > V* 

in C 2 (f2), where V* is a solution for (S)\*. As before, /Ui,a;(V*) < and by continuity (Jtn,x*{V*) > 0. 

If M2,Aj(V*) > 0, let us fix some e > small so that < V™ < 1 — 2e and consider the truncated nonlinearity 
g s (u) as in (|2.1() . Clearly, V* is a solution of l|2.2|l at A = A^ so that -A - Aa/(a;)s£(F*) has no zero 
eigenvalues. Namely, U* solves N(\*, V*) = 0, where TV is a map from R x C 2 ' a (Q) into C 2 ' Q (f2), a G (0, 1), 
defined as: 

N:(X,V) — » y + A- x (A/(x) 5E (y)). 

Moreover, 

is an invcrtible map since —A — X^f^g^iV*) has no zero eigenvalues. The Implicit Function Theorem 
gives the existence of a curve W\, A £ (A£ — <5, A^ + S), of solution for (|2.2|l so that lim A ^A* Wa = V* 
in C 2 ' Q (f2). Up to take 5 smaller, this convergence implies that H2,\(W\) > and W\ < 1 — s for any 
A G (A2 — <5, Aj + <5). Hence, W\ is a solution of {S)\ so that /X2,a(Wa) > contradicting the definition of 
A2. Hence, (J.2,\*(V*) — 0. A similar argument works for the radial problem (S)\ on the unit ball and f(x) 
as in l|1.3[) . provided either 2<A<7orA>8, a > ajv. The proof of Theorem ll.5l is complete. 

7 Appendix 

We shall prove here the following Theorem already announced in the Introduction. 
Theorem 7.1. Assume either 1 < N < 7 or N > 8, a > a at . Let U be a solution of 

\ AU=l S mRAr ' (7.1) 
I U(y) > C > in R N . 

Then, 

fXi(U) = inf (|V0| 2 - ^P^ 2 ); <t> G CS°(R W ) and J 2 - l| < . (7.2) 

Moreover, if N > 8 and < a < ajv, then there exists at least a solution U of \7.l\j such that Hi(U) > 0. 
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Proof: By contradiction, assume that 



cj) 2 ) ; <j> £ Co°(R ) and / cj) 2 dx = 1 \ > 0. 



By the density of C5 (R ) in D 1 - 2 ^), we have that 



/ |V</>| 2 >2 j^0 2 , y^eD 



(7.3) 



In particular, the test function 



jv-ii I a 
2 



(1- .V. 2 ) "' 

y n 



£ D 1 - 2 (R N ) applied in (JOJ) gives that 



< C 



(i + \y\ 2 )^ +5 u^ " ■/ (1 + M 2 ) 



|2\4+<5 



< +00 . 



(7.4) 



for any 5 > 0. 



Step 1. We want to show that l|7.3[> allows us to perform the following Moser-type iteration scheme: for 
any < q < 4 + 2V6 and /3 there holds 



(7.5) 



(1 + \y\ 2 f- 1 -^U"+ 3 ~ Cq ' 



{i + \y\ 2 ym 



Indeed, let R > and consider a smooth radial cut-off function r\ so that: 0<77<l,ry = lin -Br(O), rj = 



(provided the second integral is finite) 
Indeed, let R > and consider a smo 
in R N \ B 2R (0). Multiplying |73J> by 

/ 



(1 + \y\2)P- 1 Ui+ 1 



4(« + l) 



(1 + Ij/I 2 )/ 3 - 1 ^ 3 



'( 



<Z > 0, and integrating by parts we get: 



2 4(q + l) f 1 



r 

g + 2 
<7 2 

4(g + l) 
9 2 

2(9 + 2) r 1 



(l + M 2 )^! 



/^l V ((i + M 2 )^) 



T 



?7 



(l + M 2 )^C/i 



'7 



2 2 r 1 

~~q] TJt 

I] 



( 5 ^ 

v (i + |y| 2 ^ ; 



^(i + M 2 )^ Mi + M 2 )^'' 



by means of the relation: A(?/>) 2 = 2|V'0| 2 + 2i/>Aip. 
Then, by l|7.3|) we deduce that 

li/IV 



(Sq + 8-g 2 ) 



(1 + lyl 2 )^- 1 ^ 3 - C « 



(1 + M 2 ) 



— )| + 



(i + M 2 



(1 + M 2 )^ 



Assuming that |Vr/| < § and |Ai/| < it is straightforward to see that: 



V( 



A 



< C 



(i + M 2 )^ (i + \ y \^ 1 V (i + M 2 )* ~ Mi + W R 2 {i + \y?y- x 



-XB 2 r{0)\B r (0) 
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for some constant C independent on R > 0. Then, 



< 8 « + 8 -' 2 >/ (TwW ^/ 



(i + \y\ 2 )^- 1 Ui+ 3 ~ q J (i + \y\ 2 ) Ui- 

Let <? + = 4 + 2\/6. For any < q < q + , we have 8g + 8 — q 2 > and therefore: 

MV ^ f i 



(1 + |y|2)/»-ltf«+3 " ° q J (1 + |y| 2 )>3[/9 
where C 9 does not depend on R > 0. Taking the limit as i? — > +oo, we get that: 



y (i + |y|2)/3-i[/ 9 +3 - «y 

and then, the validity of 1|7.5|1 easily follows. 



(1 + \y\*)f>U* 



Step 2. Let now l<iV<7or7V>8, a> a^j. We want to show that 

1 



(1 + \y\ 2 )Ui 



< +oo (7.6) 



for some 0<q<q + =A + 2\/6. 

Indeed, set (3 = N ~l~ a +S, 5 > 0, and g = 3. By O we get that 

1 



(1 + |y| 2 )*[/?o 



< +oo. 



Let Pi = (3 — i(l + and % = q + 3i, i S N. Since g < 9i < 9+ = 4 + 2\/6 < (72, we can iterate (|7.5[) 
exactly two times to get that: 

(i + | g |W* < + °° (7J) 

where (3 2 = ^"l" 3 " + (5, <? 2 = 9. 

Let 0<gr<g+ = 4 + 2^6 < 9. By (|7.7|l and Holder inequality we get that: 
1 _ f (l + \y\ 2 )i^- s +i^ 1 



(1 + \V\ 2 )U1 J U" (1+ |y|2)f(^-5+|a) + l 

i w 

|2)/3 2 {792; V 



(1 + 11,1*)*^; vy (1 + |j/|2) ^ ( ^- 5+ |a )+5 ^ 



( / , ..,-. •) ( / „ ,}-n ..... 5 ) +X 



provided —-^zr^h + ?rr^ > iV or equivalently 

9-2V-18 

g> 6-2^ + 3a - (? - 8) 
To have 17.8|l for some S > small and q<q+ at the same time, we need to require 3 ^~ a 6 < g + or equivalently 

3N — 14 — 4^6 

1 < < 7 or iV>8,a>aAr = =r— . 

" " 4+2^ 
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Our assumptions then provide the existence of some 0<q<q + =4 + 2\/6 such that (|7.6|) holds. 



Step 3. We are ready to obtain a contradiction. Let < q < 4 + 2y6 be such that l|7.6() holds. Let r\ be 
the cut-off function of Step 1 . Using equation (|7. 1|1 we compute: 



V m2 fm a fv\ Q 2 fr] 2 \VU\ 2 , /■ |Vt7| 2 , 1 f . a ,_, 1 , f 2|y|V 



C/f'' 1 7 U 3 \ui J 4 7 C/9+ 2 7 [79 27 w y v [/<? y 7 £^+ 3 



f 2 f | V 12 



4(g+ 1) 7 v C/9+i^ 7 f/« 

8q + 8-q 2 f \y\ a r] 2 f \Vrj\ 2 q + 2 f Arj 2 



4(g + l) 7 C/ ?+3 7 V q 4(g+l)7 C/ 9 



Since < q < 4 + 2%/6, 8g + 8 - q 2 > and 



< -- 



+ 8-g 2 y |y|V . f 1 



4(9+1) 7 Bl( o) ' °V, B ,> fl (l + |tf|W" 

Since 17.611 implies: limR^ +00 / = 0, we set that for R large 

4|>H (1 + M 2 )^ 9 

I l^/aJI y - 4(g+l) 7 Sl( o)^ +3 l 7 M >*(i + M 2 )E/« j ' 

A contradiction to l|7.3|l . Hence, l|7.2|) holds and the proof of the first part of Theorem 17. II is complete. 

■ 

To describe the counterexample, we want to compute explicitly u* and A* on the unit ball with f(x) — \x\ a 
and N > 8, < a < oln- This will then provide an example of an extremal function u* which satisfies 
II u* ||oo= 1 and is therefore not a classical solution. The second part of Theorem 17.11 then follows by 
considering the limit profile around zero as A — > A* for the minimal solution u\ for (S)\ on the unit ball 
with f(x) = \x\ a . 

We shall borrow ideas from 01 H>], where the authors deal with the case of regular nonlinearities. However, 
unlike these papers where solutions are considered in a very weak sense, we consider here a more focussed 
and much simpler situation. Our example is based on the following useful characterization of the extremal 
solution: 

Theorem 7.2. Let f G C(0) be a nonnegative function. For X > 0, consider u G Hq(Q) to be a weak solution 
of (S)x (in the H^Q^-sense) such that \\ u ||.l<x>(q) = 1- Then the following assertions are equivalent: 



1. u satisfies 



2. A = A* and u 
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Here and in the sequel, u will be called a ifp (r2)-weak solution of (S)\ if < u < 1 a.e. while u solves (S)\ 
in the weak sense of Hq(H). Wc need the following uniqueness result: 

Proposition 7.3. Let f S C(f2) 6e a nonnegative function. Let u±, u 2 he two HQ(fl)-weak solutions of (S)\ 
so that ii\ t \(ui) > 0, i = 1,2. Then, u\ — U2 a.e. in Vt. 

Proof: For any 9 S [0, 1] and (f> £ Hq (ft), 4> > 0, we have that: 

A/(x) 



V(fci + (l-0)u 2 )V0- 



n (1 - Qui - (1 - 0)u 2 ) 



> o 



due to the convexity of 1/(1 — u) with respect to u. Since Iq^ = = 0, the derivative of Ig^ at 9 = 0, 1 
provides: 



2A/(x) 



-(ttj - U 2 )</> > 



"2J 



/ V(« 1 -U 2 )V0- / y= 

isi isi (1 

/ V(« 1 -u a )V0- / / 2A/(x j 3 (m- U2 )^<0 
io (1 — ui) 

for any € fl^fi), > 0. 

Testing the first inequality on = (u± — u 2 )~ and the second one on (ui — w 2 ) + we get that: 



|V( Ul -n 2 )-| 2 - 
\V( Ul -u 2 ) + \ 2 - 



2A/(aQ 
(l-« 2 ) 3 
2A/(x) 

(l-«0 



((«i-« 2 ) )' 

3 ((U1 -M 2 ) + )' 



< 

< 0. 



Since > 0, we have that: 

(1) . if /ii t x(ui) > 0, then u\ < u 2 a.e. 

(2) . if(ii, x (ui) = 0, then 



V(tti - w 2 )V0- 



2A/(x) 



■(tti - « 2 ) 



/n (l - mi)" 

where <j> = (iti — u 2 ) + . Since J e i > for any g [0, 1] and I I i = dgl 1 ^ = 0, we get that: 

^i,# = -j[^3§4((«i-«») + ) 8 ^0- 
Let Z = {a; G : /(x) = 0}. Clearly, (ui - m 2 ) + = a.e. in ft \ Z and, by (|7.10|) we get: 

|V( Ul - U2 ) + | 2 =0. 



(7.10) 



Hence, u\ < u 2 a.e. in f2. The same argument applies to prove the reversed inequality: u 2 < u\ a.e. in O. 
Therefore, ui = u 2 a.e. in f2 and the proof is complete. ■ 

Since || u\ ||< 1 for any A S (0, A*), we need -in order to prove Theorem l7.2l - only to show that (S)\ does 
not have any £Tg(f2)-weak solution for A > A*. By the definition of A*, this is already true for classical 
solutions. We shall now extend this property to the class of weak solutions by means of the following result: 
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Proposition 7.4. If w is a HQ(fl)-weak solution of (S)\, then for any e £ (0,1) there exists a classic 
solution w £ of (S , )a(i- £ ) ■ 

Proof: First of all, we prove that: for any ip g C 2 ([0, 1]) concave function so that ip(0) = 0, we have that 

Vff>(w)Vip> [ A/ 4W<P (7.H) 
Jn (1 - w) 2 

for any <p <E Hq(Q,), (p > 0. Indeed, by concavity of ip we get: 

V'iJj(w)Vip = / ip(w)VwVtp — / VwV (^ip(w)tp^j — / ?/j(w)<,5| Vw\ 2 



f \f(x) . 
Jn {1-w) 2 

for any p g C§°(fi), 95 > 0. By density, we get (|7~TT|) . 
Let ££(0,1). Define 

ip £ (w) := 1 - (e + (1 - e)(l - wf) 5 , < w < 1 . 
Since ^ e e C 2 ([0, 1]) is a concave function, ip E (0) = and 

w = 1_£ — r^T~ > 3 «) := (i-s) , 

by (|T. llf> we obtain that for any <p E Hq(H), cp > 0: 

/ V^HV^> / 4(^ = A (l- £ ) / f(x)g{M*>))<P= [ TT—^tM v- 

Jn Jn0--wY Jn J n (l-ip e (w)y 

Hence, ip e (w) is a i?o(^)-weak supersolution of (S')x(i-e) so that < ip e {w) < 1 — < 1. Since 
is a subsolution for any A > 0, we get the existence of a i?Q(fi)-weak solution w £ of so that 

< w £ < 1 — ei . By standard elliptic regularity theory, w e is a classical solution of (S)ui_ e y m 

We are now ready to provide the counterexample on B = i?i(0). We want to show that u*(x) = 1 — Ixl - ^ - 
and A* = ( 2 + a )( 3 ^ f +"~ 4 ) _ ft j s eaS y to check that u* is a i7g(il)-weak solution of (S)\», provided a > 1 if 
AT = 1 and a > if N > 2. By the characterization of Theorem 17. 21 we need only to prove (|7.9|l . By Hardy's 
inequality, we have that for N > 2: 



/ |V0| 2 > 

JB 



(TV -2) 



/B 4 



9^ 
r|2 



for any g #o(-B)> and then EHJ holds if 2A* < (JV 2) , or equivalently, if 



4 

N > 8 and < a < a N . 
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